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Abstract

This study addresses open-hole wellbore instability under coupled seepage, stress, thermal, and hydration effects. High-fidelity,
multiphysics governing equations were formulated to capture the nonlinear stability evolution of the surrounding rock. A 2D
numerical model was developed in COMSOL Multiphysics, and multi-parameter simulations were performed to generate a high-
dimensional dataset characterizing the evolution of Von Mises stress, plastic strain, pore pressure, temperature, and water content.
The model was validated for physical correctness and numerical stability. Furthermore, a hierarchical Bayesian physics-informed
network (HBPINN) is proposed, integrating governing equation residuals with boundary conditions. Using Bayesian inference,
this framework performs posterior estimation of key formation parameters and predicts the failure probability field. Training
results show the HBPINN outperforms traditional neural networks in spatio-temporal extrapolation, physical consistency, and risk
prediction. A case study was conducted on an open-hole well in China’s Bohai Sea. Using mechanical parameters from compression
tests, the earliest failure time profile was inferred, identifying high-risk zones predicted to fail in as little as 100 hours. This research
provides a novel algorithmic framework for multiphysics-based instability prediction and dynamic reliability assessment of open-
hole wellbores.

Keywords: Open-hole wellbore stability, Multiphysics coupling, Physics-informed neural network, Uncertainty quantification,
Instability risk prediction

1. Introduction

Driven by the global energy transition and carbon-neutrality
strategies, the development of offshore oil and gas fields has
become crucial for improving economic efficiency Dongo and
Relvas (2025); Zhou (2023). This is especially true for
wells with long open-hole sections and significant bedding
anisotropy. The coupled effects of hydration, stress, and tem-
perature, induced by the dynamic seepage of drilling fluid, sig-
nificantly increase the risk of progressive wellbore instability
Siddiqui et al. (2024); Ma et al. (2025). Statistics show that in
the Bohai Sea and surrounding waters, improper casing deploy-
ment timing accounts for 23% of non-productive time, with the
cost of a single incident potentially exceeding 20 million USD
Krygier et al. (2020). These challenges demand an intelligent
warning system to predict the stability evolution of open-hole
sections in real-time and with high accuracy Song et al. (2025);
Fan et al. (2025). Additionally, it should support critical de-
cisions on casing-setting time to ensure continuous, safe, and
economic drilling operations Kamgue Lenwoue et al. (2023).

Traditional wellbore stability assessment has primarily re-
lied on the static safety factor method, which is based on
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elasto-plastic finite element methods and the Mohr–Coulomb
criterion. This method is also included in the API RP 13B-
1 standard Institute, AP (2017). However, such methods ne-
glect the time-dependent pore pressure evolution caused by dy-
namic drilling fluid seepage. Consequently, their prediction
accuracy is limited and often biased in formations with pro-
nounced bedding or strong heterogeneity. Recent innovative
approaches still face key technical bottlenecks. In the domain
of high-fidelity numerical simulation, Pirhadi et al. developed a
coupled thermo-poro-elastic finite element model that demon-
strated how drilling fluid temperature affects tensile and shear
failure modes in depleted reservoirs Pirhadi et al. (2023). How-
ever, their model did not consider the additional effect of me-
chanical weakening due to hydration, making it less suitable
for shale formations. Ding et al. established a coupled stress-
unloading and hydration model to quantify the damage mech-
anism from bedding weakening and fluid invasion, but their
analysis did not incorporate the time-dependent shielding ef-
fect of mud cake deposition Ding et al. (2023). Saber et al.
used a COMSOL dual-porosity model to optimize horizontal
well trajectories, but the model’s heavy reliance on reservoir-
specific inversion parameters limited its generalizability Saber
et al. (2024). Feng et al. proposed a method for simulat-
ing dynamic mud cake thickness and permeability evolution
Feng et al. (2018). However, their model simplified the stress-
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dependent evolution of the mud cake and did not fully couple
the entire seepage–stress feedback mechanism, leading to inac-
curate predictions for long-term exposure.

In the field of data-driven surrogate modeling, spurred by the
success of deep learning in related geological tasks like lithol-
ogy recognition Zhang et al. (2024a); Li et al. (2025), Wu et al.
used artificial neural networks (ANNs) to predict open-hole sta-
bility based on data from adjacent wells, thereby reducing em-
pirical subjectivity Wu et al. (2024a). However, this approach is
limited by its training data domain and performs poorly in new
exploration areas. Udegbunam et al. quantified the impact of
input parameter uncertainty on collapse pressure using Monte
Carlo methods but ignored the strong correlations between for-
mation parameters and error accumulation effects Udegbunam
et al. (2014). Chen et al. introduced the Nataf transform and
Kolmogorov–Smirnov test to build a risk analysis framework
for non-independent parameters, significantly reducing the pre-
diction uncertainty Chen et al. (2024). However, the increased
model complexity hindered its potential for real-time applica-
tions. Rafieepour et al. proposed a simplified chemo-thermo-
poro-elastic model to enhance engineering usability Rafieepour
et al. (2020); however, the exclusion of an anisotropic damage
mechanism resulted in an inadequate response to early-stage
instability processes, a common challenge when modeling rock
failure in complex formations Zhang et al. (2024b).

Meanwhile, methods for dynamic drilling risk assessment
have also gained significant attention Liu et al. (2022); Wu et al.
(2023, 2024b). However, they generally suffer from two major
limitations. While high-fidelity multiphysics models detail the
instability mechanism, their large computational load prevents
real-time, minute-level application. While high-fidelity mul-
tiphysics models detail the instability mechanism, their large
computational load prevents real-time, minute-level applica-
tion. Conversely, data-driven methods are fast but lack physical
constraints, undermining their reliability when extrapolated to
complex well sections. Against this backdrop, an intelligent
modeling system that integrates physical mechanism modeling
with uncertainty quantification offers significant development
potential Jerez et al. (2024); Wang et al. (2024); Song et al.
(2024); He et al. (2025). The core scientific challenge lies in
building a hybrid intelligent framework that can simultaneously
integrate the mechanisms of hydration diffusion, pore pressure
evolution, thermal stress accumulation, and plastic damage,
while also balancing inference efficiency, prediction accuracy,
and model generalization.

To address the need for simulating and predicting instability
under multiphysics disturbances, this study develops a hierar-
chical Bayesian physics-informed network (HBPINN) model-
ing framework. Based on physics-informed neural networks
(PINNs), this method introduces a multi-branch network struc-
ture that systematically constrains neural network outputs with
physical laws, using residuals from the Darcy flow, heat dif-
fusion, hydration diffusion, and Drucker–Prager yield criterion
equations, combined with initial and boundary condition errors.
Furthermore, the framework integrates a two-stage Bayesian in-
ference module for uncertainty quantification. First, prior dis-
tributions are assigned to key formation parameters, such as the

initial elastic modulus and cohesion, and an approximate like-
lihood function is constructed based on the HBPINN’s predic-
tions and the physical residuals. Posterior inference of these
parameters is then performed using Markov Chain Monte Carlo
(MCMC) methods. Second, based on the obtained posterior pa-
rameter samples and a constructed engineering failure criterion
based on a dual stress–strain judgment, uncertainty propaga-
tion analysis is carried out to infer the dynamic failure proba-
bility field, reliability evolution curve, and safe exposure time
window. These results provide a quantitative basis for decision-
making on casing setting times in open-hole sections.

2. Workflow

High-Fidelity Simulation of Coupled Seep-
age–Stress–Thermal–Hydration Wellbore State: A
high-fidelity numerical model is developed in a 2D plane
strain, polar coordinate system. This model simulates the sta-
bility response of the open-hole section during exposure. The
model combines the Biot momentum conservation equation,
Darcy’s seepage equation, the heat transfer equation, and the
hydration diffusion equation. Additionally, it incorporates
hydration-dependent rock strength degradation relationships
and a state-dependent Drucker–Prager yield criterion. This
approach systematically captures the nonlinear deformation
behavior under multiphysics disturbances. Parameter inputs
are based on logging and core sample statistics from the
Caofeidian block. A stratified Latin Hypercube sampling
strategy is employed to generate a global sample set that covers
variations in lithology, permeability, and thermal and hydration
properties. Adaptive mesh refinement ensures computational
accuracy in high-gradient regions near the wellbore wall. The
final outputs include spatio-temporal evolution sequences of
the equivalent stress field, plastic strain field, pore pressure,
and water content. These results provide high-quality samples
and strong physical constraints for subsequent PINN modeling.

HBPINN Construction and Training: The HBPINN builds
on the PINN framework for efficient inference and uncertainty
characterization of the wellbore’s state evolution under multi-
physics disturbances. The network architecture consists of a
physics-driven multi-branch network and a Bayesian inference
module. The former uses a deep feedforward neural network
to predict multiphysics variables and is trained with govern-
ing equation residuals as constraints. The latter achieves un-
certainty modeling through a two-stage process of parameter
inference and risk quantification. First, an approximate likeli-
hood function is constructed based on the network predictions,
and the posterior distribution of key rock parameters is inferred
using MCMC methods. Second, this posterior distribution and
an engineering failure criterion are used to perform uncertainty
propagation analysis, quantifying the failure probability and re-
liability of the wellbore. The overall loss function combines
PDE residuals, initial and boundary condition errors, and lim-
ited observation data terms. The network uses adaptive weights
to balance data-driven aspects with physical consistency, en-
abling high-reliability inference under high uncertainty. The
workflow is illustrated in Fig. 1.
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Figure 1: Workflow of HBPINN.

3. Multiphysics Coupled Model Simulation

3.1. Coupled Governing Equations
This study addresses the instability of open-hole wellbores

induced by coupled seepage, stress, thermal, and hydration
effects in complex formations. A set of high-fidelity, multi-
physics governing equations was established, integrating seep-
age disturbance, hydration softening, temperature diffusion,
and elasto-plastic response. The coupled model captures the
nonlinear stability evolution of the rock mass under drilling
fluid invasion, heat exchange, and lithological changes. This
provides a unified theoretical baseline for high-fidelity simula-
tion and physics-constrained learning.

For the mechanical control, the stress equilibrium in a con-
solidated porous medium is governed by the modified Biot mo-
mentum conservation equation Biot (1941):

σi j, j − (αδi j p), j + fi = 0 (1)

where σi j is the effective stress tensor (MPa), p is the pore pres-
sure (MPa), α is the Biot coefficient (dimensionless), δi j is the
Kronecker delta (dimensionless), and fi is the body force vector
(MPa).

The local strain response of the rock mass satisfies the incre-
mental elasto-plastic constitutive relationship Lubliner (2008):dεi j = dεe

i j + dεp
i j + dεT

i j + dεw
i j

dσi j = [De]dεe
i j

(2)

where dεi j is the total strain increment (dimensionless); dεe
i j,

dεp
i j, dεT

i j, and dεw
i j are the elastic, plastic, thermal expansion,

and hydration expansion strain increments, respectively; dσi j

is the effective stress increment (MPa); and [De] is the elastic
stiffness matrix (MPa).

The plastic strain increment follows the associated flow rule
Lubliner (2008):

dεp
i j = dλ

∂g
∂σi j

(3)

where g is the plastic potential function (MPa) and dλ is the
plastic multiplier increment (dimensionless). Under ideal plas-
tic conditions, g = F, where F is the yield function.

The Drucker–Prager criterion is adopted as the yield crite-
rion, which is suitable for failure analysis in mixed sand-shale
formations Drucker and Prager (1952):

F(I1, J2) = aI1 +
√

J2 − k (4)

where F is the yield function (MPa); a and k are material pa-
rameters related to the rock’s cohesion c and internal friction
angle ϕ (the conversion is defined by Eq. (17)); I1 is the first
stress invariant (MPa); and J2 is the second deviatoric stress
invariant (MPa²). They are calculated as follows:I1 = σ1 + σ2 + σ3

J2 = 1/6[(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2]
(5)

where σ1, σ2, σ3 are the principal effective stresses (MPa).
The volumetric expansion strain increments caused by hy-

dration and thermal effects are defined as Coussy (2004):dεw
i j = δi j[k1dw + k2(dw)2]

dεT
i j = δi j[αT dT ]

(6)
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where dw is the water content increment (dimensionless); dT is
the temperature increment (°C); k1 and k2 are hydration expan-
sion coefficients; and αT is the thermal expansion coefficient
(1/°C).

Mechanical degradation due to hydration is described by
the following water-content-dependent evolution relationships
Huang et al. (2014):

E = E0 · e−11
√

(w−w0)

v = 0.2 + 1.3w
c = c0 − 250(w − w0)
ϕ = ϕ0 − 187.5(w − w0)

(7)

where E is the elastic modulus (MPa); E0 is the initial elastic
modulus (MPa); v is the Poisson’s ratio (dimensionless); c is
the cohesion (MPa); c0 is the initial cohesion (MPa); ϕ is the
internal friction angle (°); ϕ0 is the initial internal friction angle
(°); w is the current water content (dimensionless); and w0 is
the initial water content (dimensionless).

The spatio-temporal distribution of water content w around
the wellbore is governed by a 2D heat-conduction-like diffusion
equation Biot (1941):

∂w/∂t = D
(
∂2w/∂x2 + ∂2w/∂y2

)
w|r=rw = ws

w|r→∞ = w0

(8)

where D is the hydration diffusion coefficient (m²/s); ws is the
saturated water content at the wellbore wall (dimensionless); r
is the radial coordinate (m); and rw is the wellbore radius (m).

The pore pressure p is governed by a 2D seepage equation
based on Darcy’s law and mass conservation Coussy (2004):

∂

∂x

(
ρwk
µ0

∂p
∂x

)
+
∂

∂y

(
ρwk
µ0

∂p
∂y

)
+ ϕρwγl

∂p
∂t
+ ρw

∂ϕ

∂t
= 0 (9)

where ρw is the filtrate density (kg/m³); k is the formation per-
meability (m²); µ0 is the filtrate dynamic viscosity (Pa·s); ϕ is
the porosity (dimensionless); γl is the liquid compressibility
(1/MPa); and t is time (s).

Considering the porosity evolution caused by skeleton defor-
mation, the relationship between porosity and volumetric strain
is Coussy (2004):∂ϕ/∂t = (1 − ϕ0)/(1 + εv)2 · (∂εv/∂t)

εv = εx + εy
(10)

where εv is the volumetric strain (dimensionless); ϕ0 is the ini-
tial porosity (dimensionless); and εx, εy are the principal strain
components (dimensionless).

Thermal coupling is described by the heat transfer equation

for porous media Nield and Bejan (2006):

λeff = ϕλw + (1 − ϕ)λs

(ϕρwCM + (1 − ϕ)ρsCs)
∂T
∂t

− (ρwCM)
k
µ0
∇p · ∇T = ∇ · (λeff∇T )

(11)

where T is the temperature (°C); CM is the filtrate specific
heat (J/(kg·K)); λs is the rock thermal conductivity (W/(m·K));
λeff is the effective thermal conductivity of the porous medium
(W/(m·K)); λw is the fluid thermal conductivity (W/(m·K)); ρs

is the rock matrix density (kg/m³); and Cs is the rock skeleton
specific heat (J/(kg·K)).

3.2. Model Assumptions and Boundary Conditions

A high-fidelity COMSOL Multiphysics model was con-
structed to accurately characterize the wellbore state evolution.
The model was developed based on 2D plane strain theory in a
polar coordinate system centered on the wellbore. The simula-
tion domain was significantly larger than the wellbore diame-
ter to minimize far-field boundary effects. The wellbore cross-
section was assumed to be circular. Within a local structural
unit, the formation was treated as a homogeneous and isotropic
porous elastic material, satisfying the prerequisites of contin-
uum mechanics.

Boundary and initial conditions were defined following the
rock’s physical evolution mechanisms. For the mechanical
boundary, a uniform radial pressure equivalent to the drilling
fluid column was applied to the wellbore wall to simulate its
support effect. The far-field boundary was loaded with the re-
gional maximum and minimum horizontal principal stresses to
reproduce the influence of the in-situ stress field on the near-
wellbore stress concentration. For the seepage field, the well-
bore was set as a first-type boundary condition with a constant
pore pressure determined by the drilling fluid, acting as a stable
source for filtrate invasion. The far-field was set as a second-
type boundary condition with a zero-pore pressure gradient, to
simulate an open, infinite-acting formation system and avoiding
non-physical interference on the near-wellbore seepage field
from boundary effects. In the temperature field, the wellbore
was set to a constant temperature to represent the continuous
heat exchange within the circulating drilling fluid. The far-field
boundary maintained the initial temperature distribution deter-
mined by the regional geothermal gradient. For the hydration
field, the boundary conditions were defined analogously to heat
diffusion. The wellbore wall was assigned the saturated water
content, while the far-field was fixed at the initial natural water
content. The initial model state was configured to represent the
original in-situ conditions before drilling.

Several idealizations were employed to focus on core mul-
tiphysics coupling mechanisms and clarify the applicability of
the results. In the seepage field, the dynamic formation of mud
cake at the wellbore wall and its significant retarding effect
on pressure transmission were not considered. Therefore, the
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simulated pressure response timescale primarily reflects the in-
trinsic permeability of the rock mass, representing a conserva-
tive case without an effective barrier. Additionally, the com-
plex chemo-physical process of hydration was simplified into
a phenomenological model controlled by an equivalent diffu-
sion coefficient. Mechanical parameters of the rock forma-
tion were assumed homogeneous and isotropic, neglecting the
heterogeneity and anisotropy of real sedimentary formations.
Despite these simplifications, the model effectively reveals the
fundamental coupling laws and response characteristics under
pressure, temperature, and hydration effects, providing an inter-
nally consistent dataset for the subsequent training of the PINN.

The numerical mesh was generated using an adaptive refine-
ment strategy based on the physical field gradients. Unstruc-
tured triangular elements were used in the near-wellbore re-
gion to accurately capture stress and seepage variations in high-
gradient zones. The model consists of 6,768 elements, with a
minimum mesh quality of 0.6292 and an average mesh quality
of 0.8898, meeting the requirements for both convergence and
accuracy. Fig. 2 illustrates the geometry, coupled physics struc-
ture, and adaptively refined mesh of the established 2D multi-
physics numerical model.

Pore pressure gradient 𝛁𝛁𝒑𝒑

Temperature field boundary 
(initial geothermal condition)

Water content gradient 𝛁𝛁𝒘𝒘

Temperature gradient 𝛁𝛁𝑻𝑻

Wellbore radius 𝒓𝒓

Formation radius 𝑹𝑹

Water content field boundary
(initial water content)

Pore pressure field boundary 
(zero pore pressure)

Equivalent drilling fluid 
hydrostatic pressure

Hoop stress 𝝈𝝈𝟏𝟏

Radial stress 𝝈𝝈𝟑𝟑

Water content field
Pore pressure field
Temperature field

Figure 2: 2D multiphysics model of the wellbore plane and its mesh division.

3.3. COMSOL Simulation

To systematically evaluate the impact of formation property
and drilling parameter uncertainties on open-hole wellbore sta-
bility, parameter variation ranges covering typical sandstone
and mudstone characteristics were constructed. This was based
on measured logging data and core experiment results from the
Caofeidian block in China’s Bohai Sea. A high-dimensional
input perturbation scheme was then designed using Latin Hy-
percube Sampling (LHS) to achieve an effective and uniform
exploration of the global parameter space McKay et al. (2000).

Considering the significant lithological heterogeneity in this
block, a stratified sampling strategy was introduced into the
LHS design to accurately capture the distribution characteris-
tics of the physical and mechanical properties of sandstones
and mudstones Lohr (2021). This strategy ensures that samples
are uniformly distributed within each lithological sub-interval,
significantly enhancing the model’s ability to express coupled
responses in multi-lithology open-hole sections and improving
the generalization of subsequent predictions. A total of 3,000

input samples were generated, covering over 30 key parame-
ters. The parameter ranges, shown in Table 1, account for re-
gional differences in diagenesis, cementation, mineral compo-
sition, pore structure, and in-situ temperature and pressure con-
ditions, ensuring that the model inputs are both representative
and practically applicable.

During the high-fidelity numerical simulations, a total of
1910 sets of converged solutions were successfully generated.
The output variables include the spatio-temporal distributions
of equivalent stress and plastic strain fields. Some samples
failed to converge due to boundary conflicts or gradient discon-
tinuities under highly nonlinear coupling conditions and were
therefore excluded. The resulting simulation sequences cover
typical wellbore exposure evolution modes, providing strong
physical constraints for subsequent training of the Bayesian
physics-informed network and a reliable data basis for casing
setting time decisions.

Fig. 3 shows the 2D evolution of Von Mises stress and plastic
strain around the wellbore, revealing the coupled stress–strain
response under multiphysics effects.

Fig. 3(a) shows that during the first 100 h of evolution, the
surrounding rock undergoes significant stress reconstruction.
Starting from the initial stress concentration state at t = 0 h
(max ≈ 80 MPa), the stress state rapidly approaches the yield
envelope due to the continuous coupling of multiphysics dis-
turbances. This process peaks at approximately t = 100 h,
forming a distinct “ring-shaped stress cap”, with the maximum
equivalent stress increasing to 102.96 MPa. Between 100 and
400 h, the stress growth is effectively suppressed as the plastic
zone forms and expands. The system then enters a stabiliza-
tion phase dominated by stress relief and redistribution, and the
local high-stress concentration gradually dissipates.

Correspondingly, the evolution of the plastic strain field,
shown in Fig. 3(b), records the transition of the rock mass from
elastic to plastic deformation. In the early stage, the rock is
mostly in an elastic state, with nearly zero plastic strain. As
the stress peaks and triggers rock yielding around 100 h, the
plastic strain increases rapidly, reaching its maximum value of
6.90%, marking the onset of macroscopic plastic damage. Dur-
ing the 100–400-h period, although the stress field stabilizes,
plastic deformation continues to accumulate, with the strain
value eventually increasing to 8.37%. The extent of the plastic
zone largely stabilizes during this phase, forming a relatively
closed plastic damage zone. This indicates that rock failure has
transitioned from a rapid expansion phase to a slow, localized
yield accumulation phase.

The coupled evolution of stress and plastic strain demon-
strates the two-stage characteristics of the wellbore instability
process. It begins with an early, rapid failure stage driven by
multiphysics disturbances, followed by a long-term stabiliza-
tion stage dominated by the rock’s internal stress adjustment
and plastic flow. These results confirm the physical plausibility
of the aforementioned coupled stress–strain response mecha-
nism.
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Table 1: Parameter sampling for formations in the Caofeidian block, Bohai Sea, China.
Parameter Name Unit Sandstone Mudstone
Elastic Modulus MPa 15640–30960 9600–14400
Poisson’s Ratio - 0.20–0.28 0.25–0.35
Biot’s Coefficient - 0.8–1.0 0.6–0.8
Initial Porosity - 0.12–0.16 0.07–0.11
Permeability mD 2.5–7.5 0.0005–0.002
Rock Thermal Conductivity W/(m·K) 1.5–2.5 1.0–2.0
Rock Skeleton Compressibility 1/MPa (2.0˘5.0) × 10−5 (4.0˘6.0) × 10−5

Rock Skeleton Specific Heat J/(kg·K) 680–920 510–690
Fluid Compressibility 1/MPa (4.0˘5.0) × 10−4 (4.0˘5.0) × 10−4

Initial Cohesion MPa 5–12 1–5
Initial Internal Friction Angle ° 32–38 22–28
Thermal Expansion Coefficient 1/°C (3.0˘4.0) × 10−5 (4.0˘6.0) × 10−5

Initial Water Content - 0.02–0.04 0.02–0.04
Saturated Water Content - 0.08–0.16 0.08–0.12
Hydration Diffusion Coefficient m²/s (4.0˘9.0) × 10−10 (4.0˘9.0) × 10−10

Filtrate Density kg/m³ 980–1020 980–1020
Matrix Density kg/m³ 2500–2700 2500–2700
Filtrate Viscosity Pa·s (2.8˘3.4) × 10−4 (2.8˘3.4) × 10−4

Filtrate Specific Heat J/(kg·K) 4000–4400 4000–4400
Hydration Expansion Coefficient 1 - 0 0.02–0.04
Hydration Expansion Coefficient 2 - 0 0.7–0.95

3.4. Simulation Model Validation

To validate the model’s physical plausibility and numerical
accuracy, Figs. 4–7 illustrate the spatio-temporal evolution of
pore pressure, temperature, and water content under continuous
drilling-fluid invasion.

Fig. 4(a) shows the radial profile of pore pressure in the
surrounding rock, capturing its complete time-series evolution
from a local transient disturbance to a global hydraulic equi-
librium under sustained high wellbore pressure. Initially, the
pressure front propagates rapidly from the wellbore wall to the
far-field. At t = 0 h, the pressure gradient reaches its theoret-
ical peak at the wellbore wall, followed by continuous, rapid
decay as the pressure front broadens and advances. By the late
stage (t = 300 h), the pressure gradient throughout the region
has approached zero, indicating that the system has reached a
final equilibrium state at a new pressure level.

Figs. 4(b)–4(e) present the corresponding 2D pore pressure
field evolution, further confirming this dynamic process from
a spatial perspective. Concentric, circular isobars expand out-
ward from the wellbore sequentially over time. The transition
from a dense distribution in the early stage to a sparse one in
the late stage visually characterizes the decay of the pressure
gradient. Ultimately, the pressure field becomes nearly uniform
across the simulation domain, retaining only a slight asymme-
try caused by the in-situ stress field. This complete pressure
response is highly consistent with the transient diffusion be-
havior predicted by the classic Biot–Darcy seepage theory, thus
validating the model’s physical fidelity in simulating coupled
fluid-solid dynamics.

The radial profile in Fig. 5(a) systematically reveals the non-
steady-state evolution of the surrounding rock temperature field

under the combined action of regional geothermal heat and the
wellbore cooling effect. The geothermal gradient maintains a
high initial temperature in the far-field, while the circulation
of drilling fluid creates a persistent heat sink at the wellbore.
As time progresses, heat from far-field is continuously trans-
ported to the near-wellbore low-temperature zone. This causes
the near-wellbore rock temperature to gradually recover from
a lower level and reducing the temperature difference with the
far-field.

The 2D temperature field distributions in Figs. 5(b)–5(e) pro-
vide spatial confirmation for this inward heat transport process.
Concentric, circular isotherms advance sequentially from the
outer boundary of the simulation domain towards the center.
The evolution of their spatial density, from dense in the early
stage to sparse in the later stage, signifies that the rate of change
of the temperature field decreases over time. By the late stage
of evolution (t = 400 h), a significant temperature difference ex-
ists between the near-wellbore and far-field regions, indicating
that although the intense initial transient response has subsided,
the system is far from a thermal equilibrium. The subsequent
evolution is expected to be a longer, slow adjustment process.
Overall, this heat-transfer simulation verifies the model’s phys-
ical accuracy and numerical stability in handling non-steady-
state, cross-scale heat exchange problems.

The radial profile in Fig. 6(a) reveals a key characteristic of
the water invasion process: it progresses slowly due to the ex-
tremely low diffusion rate and limited adsorptive capacity of
the rock. In sharp contrast to the rapid, global response of the
pressure field, this profile shows that the water invasion front
advances with a significant lag over the 400-h evolution, with a
very limited depth of influence. The water content of the near-
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(a) t = 50h t = 100h t = 200h t = 300h t = 400h
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Figure 3: Evolution of the Von Mises stress field and plastic strain field at different times.

wellbore rock increases slowly before stabilizing at a plateau.
This phenomenon indicates that rock hydration reaches an in-
herent equilibrium saturation determined by its microstructure
and mineral composition.

The 2D water content fields in Figs. 6(b)–6(e) visually con-
firm this high degree of localization. The influence of hydra-
tion is limited to a thin annular zone immediately surrounding
the wellbore wall. Despite its local spatial influence, this pro-
cess has a controlling effect on wellbore instability. The near-
wellbore annulus, softened by hydration, becomes the struc-
turally weakest zone under stress concentration and can trigger
initial fractures. Therefore, the model’s ability to capture this
limited diffusion and local softening process provides a reliable
physical basis for wellbore stability assessment.

Fig. 7 further analyzes the water invasion process from the
temporal perspective, showing the time series of water content
at different radial locations. The curves clearly indicate that the
rate of increase in water content is strongly correlated with the
distance from the wellbore wall. The monitoring point imme-
diately adjacent to the wellbore responds most rapidly and ex-
hibits the largest increase. As the radial distance increases, the
response lag becomes more pronounced and the total increase
diminishes, reflecting the inherent attenuation of the diffusion
process. The brief dip in water content observed during the
early stage (t < 4 h) is a transient numerical artifact caused by
abrupt initial conditions and dissipates quickly. Subsequently,
all locations enter a stable, monotonic growth phase. The pro-
gressively decreasing slope of each curve indicates that the wa-
ter content asymptotically approaches the aforementioned in-
herent equilibrium saturation.

Figs. 4–7 show the model accurately reveals the spatio-

temporal evolution of pore pressure, temperature, and water
content under continuous drilling fluid invasion, using both 1D
profiles and 2D field distributions. Its characterization of the
rapid pressure response, slow thermal exchange, and highly
localized hydration process demonstrates good physical con-
sistency within the theoretical framework. This validates the
model’s high fidelity and physical correctness in simulating
multiphysics-coupled instability of open-hole wellbores, pro-
viding a reliable data and mechanistic basis for subsequent in-
telligent modeling.

4. Hierarchical Bayesian Physics-Informed Network Devel-
opment

4.1. Model Architecture
4.1.1. Network Architecture Design

An HBPINN architecture was designed to efficiently simu-
late the wellbore wall’s state evolution under multiphysics dis-
turbances and enable probabilistic risk inference. This architec-
ture is based on PINNs, a class of deep learning methods that
fuse physical constraints with data-driven features Raissi et al.
(2019). By integrating the residuals of partial differential equa-
tions (PDEs), boundary conditions (BCs), and initial conditions
(ICs) into the loss function, PINNs can perform “weakly su-
pervised” learning using only physical prior information, even
when labeled data is sparse or absent. This characteristic gives
them a significant advantage over traditional data-driven neural
networks in complex geological engineering problems, where
data acquisition is expensive and information is incomplete.

The basic principle of a PINN is to construct a deep neural
network uΘNN (x, t), characterized by learnable parameters ΘNN ,
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Figure 4: Radial pore pressure distribution and evolution of the pore pressure field at different times.
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Figure 5: Radial temperature distribution and evolution of the temperature field at different times.

to approximate the solution of a multiphysics problem. The
network takes a spatio-temporal coordinate vector x = (x, y, t)
as input and outputs the corresponding state variable vector
u = (p, T,w, σeq, εp). Using automatic differentiation, deriva-
tives of u with respect to x and t are computed, and the residu-
als of the governing physical equations are formulated as a core
loss term to constrain network training. Structurally, PINNs
typically employ a fully connected feedforward neural network
(FNN), with forward propagation following the recursive rela-
tion Goodfellow et al. (2016):

al =Wlz(l−1) + bl

zl = σ(al)
fNN =W(L+1)zL + b(L+1)

(12)

where Wl and bl are the weight matrix and bias vector of the l-th
layer, respectively; σ(·) is the activation function; L is the total
number of hidden layers; and fNN is the final output. Through
backpropagation and optimization algorithms such as gradient
descent, the network parameters are iteratively adjusted so that

the output approximates observational data while satisfying the
governing physical equations and constraints.

The loss function of a PINN typically includes multiple com-
ponents to simultaneously represent different physical laws and
boundary conditions:

Ltotal = ω f LPDE + ωbLBC + ω0LIC + ωdLData (13)

where LPDE is the mean squared error of the governing equation
residuals at selected collocation points; LBC and LIC represent
the residuals for boundary and initial conditions, respectively;
and LData is the fitting error for available labeled data. Weight-
ing coefficients ω balance the contributions of each loss term
during the training process.

The calculation of the LPDE residual term relies on automatic
differentiation (AD) Baydin et al. (2018). The partial deriva-
tives of the network output with respect to its input variables
are obtained directly through the chain rule via the backpropa-
gation mechanism, without explicitly constructing finite differ-
ence schemes or symbolic expressions. This approach signif-
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Figure 6: Radial water content distribution and evolution of the water content field at different times.
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Figure 7: Water content versus time at different radial locations.

icantly enhances the efficiency and precision of the differenti-
ation. It makes PINNs particularly advantageous for handling
multiphysics coupling problems that involve high-order deriva-
tives or strong nonlinearities, making them well-suited for con-
structing and solving complex PDE-governed models.

In terms of training strategy, PINNs use a “weakly super-
vised” mechanism based on collocation points. The PDE resid-
ual is treated as a training objective distributed across the com-
putational domain. This approach avoids the numerical stabil-
ity requirements and memory burdens of traditional grid-based
solvers, enabling good performance in unstructured domains,
complex BCs, and nonlinear degradation problems. Further-
more, observational data or numerical simulation results can be
flexibly incorporated during training. The LData term strength-
ens the model’s ability to fit local regions, boundary behaviors,
or key time points, enhancing adaptability to real-world geolog-
ical conditions.

Based on these principles, the HBPINN architecture ex-
tends the standard PINN framework by introducing a multi-
branch physics prediction structure alongside a Bayesian in-
ference mechanism. It independently designs neural network
sub-modules for the four major physical processes: seepage,

heat transfer, hydration diffusion, and elasto-plastic mechan-
ics. These modules are trained jointly using a unified governing
equation residual loss, ensuring coupling consistency between
physical fields. Simultaneously, a Bayesian updater module
performs posterior inference on formation parameters based on
the PINN’s predictions, quantifying key parameter uncertain-
ties.

Seepage Prediction Head: This head solves the governing
equations for pore pressure p. Training is primarily driven by
PDE residuals to achieve physics-driven learning. Additionally,
a small amount of pressure data from COMSOL Multiphysics
can be introduced as a data supervision term to enhance fitting
accuracy in specific regions.

Thermal Prediction Head: Based on the heat transfer equa-
tion, this head uses the thermal diffusion residual, generated by
automatic differentiation of the temperature T with respect to
the spatio-temporal coordinates, as the primary training con-
straint to simulate non-steady-state heat transfer between the
wellbore and formation.

Hydration Prediction Head: Responsible for predicting the
water content w, this head constructs a diffusion-based loss term
similar to the thermal head. It uses a low diffusion coefficient
as a constraint to enhance the model’s ability to capture the de-
layed hydration near the wellbore wall. To prevent “learning
leakage,” neither the hydration nor thermal heads use gradient
labels from simulation data during training; their physical learn-
ing path is constructed solely from initial/boundary values and
equation residuals.

Mechanics Output Head: This head couples the
Drucker–Prager yield criterion with the elasto-plastic constitu-
tive model. It uses the predicted w and T to dynamically up-
date the rock’s mechanical parameters, subsequently outputting
equivalent stress σeq and plastic strain εp. The output of this
module is constrained by the mechanical governing equation
residuals and can be compared with results from COMSOL
Multiphysics to validate its predictive accuracy.

Bayesian Updater: This component forms the core of the
network’s uncertainty expression mechanism. Its primary func-
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tion is to use the PINN’s predictive outputs to evaluate a like-
lihood function based on physical criteria. Combined with the
parameters’ prior distributions, it performs posterior sampling
of key formation parameters using MCMC methods, quantify-
ing their predictive uncertainty and providing confidence levels
for decision-making.

This multi-branch collaborative structure enables the
HBPINN to capture both multiphysics interactions and the joint
uncertainties of state variables and formation parameters. It
provides a foundational model for the state evolution of an
open-hole wellbore wall under multiphysics disturbances. The
overall structure is illustrated in Fig. 8.

4.1.2. Physics Constraint Embedding
To ensure physical consistency and interpretability, resid-

uals of the governing equations are embedded as core loss
terms during training. All residuals are computed using
AD without the need to explicitly construct finite difference
schemes, thus ensuring the numerical stability and physical
accuracy of high-order derivative calculations. The design
of the residuals strictly follows the proposed coupled seep-
age–stress–thermal–hydration governing equations, including
the seepage-mechanics residual loss, the hydration-thermal dif-
fusion residual loss, the elasto-plastic yield residual loss, and
the boundary and initial condition error terms.

For the seepage-mechanics coupled residual, the following
constraint is constructed based on Darcy’s law and mass con-
servation:

Lp =

∥∥∥∥∥∥ ∂∂x
(
ρwk
µ0

∂p
∂x

)
+
∂

∂y

(
ρwk
µ0

∂p
∂y

)
+ϕρwγl

∂p
∂t
+ ρw

∂ϕ

∂t

∥∥∥∥∥2

2

(14)

where Lp is the seepage-mechanics residual loss term (dimen-
sionless). This constraint reflects the spatial diffusion, temporal
evolution, and response to porosity changes of the pore pressure
in a 2D porous medium. The network computes the derivatives
of p with respect to space and time via AD and incorporates
the porosity evolution function based on volumetric strain (see
Eq. (10)) to ensure the dynamic consistency of the coupled re-
sponse between pore pressure and skeleton deformation.

The hydration–thermal diffusion residual loss consists of a
heat-conduction-like hydration model and a non-steady-state
heat transfer governing equation, expressed jointly as:

LwT =

∥∥∥∥∥∥∂w∂t − D
(
∂2w
∂x2 +

∂2w
∂y2

)∥∥∥∥∥∥2

2

+

∥∥∥∥∥(ϕρwCM + (1 − ϕ)ρsCs)
∂T
∂t

−(ρwCM)
k
µ0
∇p · ∇T − ∇ · (λeff∇T )

∥∥∥∥∥2

2

(15)

where LwT is the joint hydration-thermal diffusion residual loss
(dimensionless). The first term describes the spatio-temporal
diffusion of water content w, while the second term constrains

the complete energy conservation process, including the com-
bined heat capacity of the rock-fluid system, fluid convection,
and effective thermal conduction in the porous medium. To im-
prove the physical distinguishability, thermal gradient and wa-
ter content data from COMSOL Multiphysics were not used
during training; the network learned the physics solely from the
boundary/initial conditions and the equation residuals.

The elasto-plastic yield residual loss uses the standard form
of the Drucker–Prager yield criterion to construct the constraint
function:

Ly = ∥aI1 +
√

J2 − k∥22 (16)

where Ly is the elasto-plastic yield residual loss (dimension-
less); I1 and J2 are the first stress invariant and the second devi-
atoric stress invariant, respectively, whose definitions and cal-
culation methods are inherited from Eq. (5); and a and k are the
Drucker–Prager yield surface parameters, defined as Alejano
and Bobet (2014):a = 2 sin ϕ(w)/

(√
3(3 − sin ϕ(w))

)
k = 6c(w) cos ϕ(w)/

(√
3(3 − sin ϕ(w))

) (17)

where c(w) is the cohesion function controlled by water con-
tent (MPa), and ϕ(w) is the internal friction angle function con-
trolled by water content (°). In the above yield function, cohe-
sion c(w) and internal friction angle ϕ(w) are dynamically ad-
justed according to Eq. (7), ensuring that the mechanics mod-
ule is sensitive to the rock strength evolution under coupled
hydration-thermal effects.

In addition to the physics-based residual terms, the bound-
ary condition error LBC and initial condition error LIC are in-
troduced as explicit constraints during training. The boundary
condition error is defined as:

LBC =

NBC∑
i=1

Nt∑
j=1

[
(ppred(xb

i , t j) − pBC(xb
i , t j))2

+ (Tpred(xb
i , t j) − TBC(xb

i , t j))2

+ (wpred(xb
i , t j) − wBC(xb

i , t j))2
] (18)

where ppred, Tpred, wpred are the network’s predicted values for
pore pressure, temperature, and water content; pBC , TBC , wBC

are the true values at the boundary; NBC is the total number
of boundary sample points; Nt is the total number of discrete
points in the evolution time domain; xb

i is a spatial sample point
on the model boundary; and t j is a discrete time point during the
physical evolution(s). The initial condition error LIC is defined
similarly as:

LIC =

NIC∑
i=1

[
(ppred(x0

i , t0) − pIC(x0
i , t0))2

+ (Tpred(x0
i , t0) − TIC(x0

i , t0))2

+ (wpred(x0
i , t0) − wIC(x0

i , t0))2
] (19)

where pIC , TIC , wIC are the true values at the initial time; NIC

is the total number of initial condition sample points; t0 specifi-
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Figure 8: HBPINN architectural diagram.

cally refers to the start time of the physical evolution(s); and x0
i

is a spatial sample point at the initial time.
This approach ensures that during training, the HBPINN con-

siders both the physical constraints and maintains consistency
with the initial and boundary conditions, thereby enhancing the
model’s physical plausibility and predictive accuracy.

4.1.3. Bayesian Inference
To model the uncertainty of key formation parameters and

conduct a probabilistic assessment of failure risk during well-
bore state evolution, a Bayesian inference mechanism was in-
troduced into the HBPINN framework. This mechanism con-
sists of two stages: a parameter posterior inference stage based
on physical constraints, and a risk quantification stage based on
engineering criteria. This design allows the model to quantita-
tively predict wellbore instability risk while maintaining physi-
cal consistency.

The inference process begins with selecting key formation
parameters and specifying prior knowledge. The set of param-
eters to be inferred, θ, was selected based on their influence on
wellbore stability:

θ = {E0, c0, ϕ0,w0} (20)

where E0 is the initial elastic modulus (MPa); c0 is the initial
cohesion (MPa); ϕ0 is the initial internal friction angle (°); and
w0 is the initial water content (dimensionless).

Based on the formation parameter statistics from Table 1, the
following prior distributions p(θ) were assigned:

E0 ∼ U(20640, 30960)
c0 ∼ N(9.72, 0.52)
ϕ0 ∼ U(37◦, 45◦)
w0 ∼ TN(0.03, 0.0052; 0.02, 0.04)

(21)

where U(·, ·) denotes a uniform distribution; N(·, ·) denotes a
normal distribution; and TN(µ, σ2; a, b) denotes a truncated
normal distribution.

For parameter inference, an approximate Bayesian compu-
tation (ABC) strategy was adopted Sunnåker et al. (2013).
An approximate likelihood function was constructed using the
residual of the state-dependent Drucker–Prager yield function
F(I1, J2), whose specific form was defined in Eq. (4):

L(θ) = exp

−β N∑
i=1

[F(i)(θ)]2

 (22)

where L(θ) is the value of the likelihood function given the pa-
rameter set θ (dimensionless); F(i)(θ) is the yield function resid-
ual calculated from parameter θ at the i-th spatial sample point
(MPa); β is a scale factor (1/MPa²); and N is the total number
of spatial sample points (dimensionless).

By combining the likelihood function with the prior distribu-
tions of the parameters, the posterior distribution is constructed
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via Bayes’ formula Gelman et al. (1995):

p(θ | D) ∝ L(θ) · p(θ) (23)

where p(θ|D) is the posterior probability distribution of the pa-
rameters; and D represents the physical state field predicted
by the HBPINN, which is used to calculate the yield function
residuals. A No-U-Turn sampler (NUTS), an MCMC method,
was used to efficiently sample this posterior distribution, yield-
ing a set of posterior parameter samples θ(i) Hoffman and Gel-
man (2014).

After obtaining the posterior samples, a failure probability
function based on a smooth transition was introduced to estab-
lish an evaluation system that aligns with engineering practice
while maintaining good mathematical properties. This method
first calculates the corresponding equivalent yield stressσ(i)

y and
equivalent yield strain ε(i)

y for each parameter sample θ(i):σ(i)
y = k/a
ε(i)

y = σ
(i)
y /E(i) + 0.002

(24)

where σ(i)
y is the equivalent yield stress under the i-th parameter

sample (MPa); ε(i)
y is the corresponding equivalent yield strain

(dimensionless); E(i) is the dynamic elastic modulus under the
current parameter sample and water content w, as defined in
Eq. (7) (MPa); parameters a and k are functions of w, as defined
in Eq. (17); and the 0.002 term represents the 0.2% plastic strain
offset commonly used in engineering.

Subsequently, the network’s predicted equivalent stress and
plastic strain is normalized, and an S-shaped logistic function
L(x) is introduced to provide a smooth, probabilistic mapping
of the failure likelihood:

L(x) =
1

1 + exp(−b(x − x0))
(25)

where x is the normalized stress or strain value (dimensionless);
x0 is the center point of the mapping function, set to 1 (dimen-
sionless); and b is the slope factor, set to 12 (dimensionless).

Based on this, for any given parameter sample θ(i), the in-
stantaneous failure probability Pinst at a spatio-temporal point
(t, x, y) can be constructed as:

Pinst(θ(i); t, x, y) = 0.4 · L

σ(i)
eq

σ(i)
y

 + 0.6 · L

ε(i)
p

ε(i)
y

 (26)

where Pinst(θ(i)) is the instantaneous failure probability under
the i-th parameter sample (dimensionless); and σ(i)

eq and ε(i)
p are

the equivalent stress (MPa) and equivalent plastic strain (dimen-
sionless), respectively, predicted by the HBPINN under the pa-
rameter sample θ(i).

The final failure probability P f of the wellbore wall at that
spatio-temporal point is defined as the mathematical expecta-
tion of the instantaneous failure probability Pinst over all poste-
rior samples:

P f (t, x, y) =
1

Nsamples

Nsamples∑
i=1

Pinst(θ(i); t, x, y) (27)

where P f (t, x, y) is the final failure probability of the wellbore
wall (dimensionless); and Nsamples is the total number of poste-
rior samples (dimensionless).

Based on this, the reliability index R(t, x, y) for that spatio-
temporal point can be further defined:

R(t, x, y) = 1 − P f (t, x, y) (28)

where R(t, x, y) is the reliability of the wellbore wall (dimen-
sionless), with values closer to 1 indicating greater safety.

Finally, in line with the need for a reliability time window,
the critical failure time tsafe(x, y) is defined as:

tsafe(x, y) = min{t ∈ T | R(t, x, y) < 0.95} (29)

where tsafe(x, y) is the earliest evolution time at which the well-
bore reliability at location (x, y) first drops below the preset
threshold Rthresh = 0.95; and T is the total evolution time do-
main of the model. This metric is used to dynamically identify
time points where the instability risk significantly increases dur-
ing long-term open-hole exposure, enabling proactive warnings
and spatio-temporal reliability analysis.

4.2. Model Training
To ensure that the HBPINN model achieves a balance of

physical consistency, numerical stability, and convergence ef-
ficiency in predicting wellbore stability evolution and quantify-
ing key formation parameter uncertainties, a stage-wise strategy
is adopted for the overall training process. First, the backbone
network is trained to complete parameter initialization and em-
bed the physical laws. Subsequently, the network architecture
is frozen to perform Bayesian inference based on the maximum
a posteriori (MAP) estimate, achieving accurate sampling of
the posterior parameter distribution and probabilistic modeling
of the failure probability structure. The loss function is con-
structed using a weighted mean squared error structure, com-
posed of residuals from the multi-field governing equations,
boundary and initial condition constraint errors, and the fitting
error of physical labels from supervisory data. It is expressed
as follows:

Ltotal = ωp · Lp + ωwT · LwT + ωy · Ly

+ ωdata · Ldata + ωBC · LBC + ωIC · LIC
(30)

where Lp represents the seepage-mechanics residual loss, LwT

the hydration-thermal diffusion residual loss, Ly the elasto-
plastic yield residual loss, Ldata the supervisory data label error,
and LBC and LIC the physical residual terms for the boundary
and initial conditions, respectively. The weighting coefficients
ω for each loss term are set empirically based on the numerical
scale of the different physical field residuals, their gradient sen-
sitivity to parameters, and their contribution to the overall task.
The specific values are as follows:

ωp = 1.2 × 10−4

ωwT = 1.1 × 10−12

ωy = 2.0 × 10−4

ωdata = ωBC = ωIC = 1.0

(31)
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The AdamW optimizer is employed, and weight decay and
dropout regularization strategies are jointly used to enhance
training stability and generalization Loshchilov and Hutter
(2017a); Srivastava et al. (2014). The GELU activation func-
tion is chosen to facilitate the synergistic convergence of the
multiphysics residual terms Hendrycks and Gimpel (2016). The
learning rate scheduling strategy uses a three-stage cosine an-
nealing with restarts, with the learning rate ηt at step t defined
as Loshchilov and Hutter (2017b):

ηt = ηmin +
1
2

(η(s)
max − ηmin)

[
1 + cos

(
π · tcur

T (s)

)]
(32)

where η(s)
max is the maximum learning rate for stage s; ηmin is the

minimum learning rate during training; and tcur and T (s) are the
number of steps already taken in the current stage and the total
number of steps in the stage, respectively. The early stopping
strategy is introduced during training to monitor the validation
set loss in real-time to avoid model overfitting.

In the Bayesian inference stage, the backbone network is
frozen, and the NUTS sampler is used for posterior sampling of
the parameter set θ. The likelihood function is constructed from
the Drucker–Prager yield function residual, and a scale factor β
is used to adjust the smoothness of the residual distribution. Ini-
tial sampling values are provided by the MAP estimate obtained
during the training phase. Convergence efficiency and stability
of NUTS are enhanced by setting a number of warm-up steps
Nwarm and a target acceptance rate αtarget. Table 2 summarizes
the core hyperparameter settings for HBPINN model training
and Bayesian inference.

The algorithm 3 shows the overall execution logic and op-
erational sequence of the HBPINN algorithm during training
iterations and uncertainty inference.

To evaluate the physical consistency fitting performance of
the HBPINN model during training, and its generalization ca-
pability on unseen samples, Figs. 9 and 10 present the evolution
trend curves of the main physical residual terms, boundary con-
dition losses, initial condition losses, and the total loss during
the training and validation phases. Considering the differences
in magnitude and gradient scale among the governing equation
residual terms, each loss branch in the figures has been multi-
plied by its corresponding weighting coefficients ω to reflect its
contribution to optimizing the physical constraints during train-
ing.

Fig. 9(a) shows that the three main residual loss terms of the
HBPINN model exhibit typical phased convergence character-
istics during training. In the initial stage (0–25,000 epochs), the
seepage-mechanics residual loss Lp and the elasto-plastic yield
residual loss Ly dominate the overall descent. This indicates
that the Darcy–Biot governing equations and the elasto-plastic
constitutive constraints strongly drive the network’s weight ad-
justments in the early training phase. The rapid decrease in
residuals during this stage reflects the model’s quick adaptation
under the drive of large physical errors. In the middle stage
(25,000–70,000 epochs), training enters a stable convergence
period, where the hydration-thermal diffusion residual loss LwT

reaches its minimum and remains relatively stable. This sug-
gests that the model has completed the initial fitting and con-

vergence for diffusion-type physical mechanisms. In the later
stage (70,000–100,000 epochs), the overall residual fluctua-
tions decrease. The variation ranges of Lp and Ly are con-
trolled within ±0.8% and ±1.2%, respectively, indicating that
the coupled physical fields have achieved a highly consistent
convergence state. Notably, the hydration-thermal residual loss
shows a slight upward trend in the final stage, suggesting that
this branch is highly sensitive to parameters.

Fig. 9(b) further validates the generalization capability of the
above training trends. The evolution of the total loss and each
physical residual term on the validation set is highly consistent
with the training process, demonstrating robustness to unseen
data. However, the minimum loss values for each residual term
generally increase by 25%–33%, with Lp and Ly showing mini-
mum deviations of 0.2% and 6.5%, respectively. This validates
the high stability of the seepage coupling term based on the
Darcy–Biot equation in spatial extrapolation, while also reveal-
ing that the elasto-plastic residual is more sensitive to boundary
conditions changes. In the later training stage, the validation
residual curves for Lp and Ly exhibit slight oscillating upward
trends, suggesting slight overfitting under strong physical con-
straints.

In the training stage shown in Fig. 10(a), the boundary and
initial condition losses converge rapidly during the early iter-
ations, decreasing from an initial order of magnitude of 10−1

to within 10−3. This reflects the network’s efficient perception
and integration of boundary and initial information. Addition-
ally, the data fitting loss Ldata converges quickly in the early
stage, dropping from an approximate unit order of magnitude
to around 10−3, demonstrating the network’s strong ability to
represent the labeled samples. In the middle and late stages of
training, all three types of losses enter a slow-decline phase with
significantly reduced fluctuation ranges, indicating that the su-
pervisory branches of the network have gradually coordinated.
By the last stage of training, the total loss Ltotal stabilizes at an
order of magnitude of 10−3, showing that the overall training
process has good convergence stability and residual control.

Fig. 10(b) shows the loss evolution trend during the valida-
tion phase under the same supervisory mechanism. Its over-
all trend is consistent with the training phase. The boundary
and initial condition losses also successfully converge to the
10−4–10−3 range. The data fitting loss is slightly higher than in
the training set but remains within a low-level fluctuation range.
The total loss oscillates stably between 10−3 and 10−2, with no
obvious signs of divergence.

4.3. Model Evaluation
4.3.1. Model Prediction Performance Evaluation

Fig. 11 and Fig. 12 systematically illustrate the prediction
performance of the HBPINN model for key geomechanical re-
sponses of the open-hole wellbore wall within a continuous
evolution time window of 400 h. Fig. 11 focuses on the spa-
tial distribution of the Von Mises equivalent stress and its error
evolution, while Fig. 12 presents the corresponding results for
plastic strain.

Fig. 11(a) shows the ground-truth evolution of the Von Mises
equivalent stress in the rock surrounding the wellbore under
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Table 2: Hyperparameter configuration for HBPINN model training and Bayesian inference.
Symbol Description Value
NBC Number of boundary condition sample points 800
NIC Number of initial condition sample points 6768
NR Number of sample points for each physics residual 6768
Ndata Number of supervisory data points 3000
B Batch size 256
L Number of hidden layers 6
Nh Number of neurons per layer 128
σ(·) Activation function GELU
ωp, ωwT , ωy Weights for multi-field residual terms [1.2 × 10−4, 1.1 × 10−12, 2.0 × 10−4]
ωdata, ωBC , ωIC Weights for data and boundary terms [1.0, 1.0, 1.0]
[T1, T2, T3] Steps for three-stage cosine annealing [25k, 45k, 30k]
ηstage_max Maximum learning rate for each stage [1.0 × 10−3, 5.0 × 10−3, 2.0 × 10−4]
ηmin Minimum learning rate 1.00 × 10−5

λwd Weight decay coefficient 1.00 × 10−4

pd Dropout rate 0.2
Npatience Early Stopping patience epochs 5000
δstop Early Stopping threshold 1.00 × 10−6

β Likelihood scale factor 0.1
Nmcmc Total MCMC sampling steps 2000
Nwarm NUTS warm-up steps 300
αtarget NUTS target acceptance rate 0.9

continuous multiphysics disturbances. This stress field expands
symmetrically in the radial direction from the wellbore center
and exhibits dual modes of concentration and expansion at spe-
cific stages of evolution. Over time, the dominant stress zone
gradually transitions to the outer edge of the wellbore, with
the overall distribution maintaining an axisymmetric structure.
Fig. 11(b) demonstrate the prediction results of the HBPINN
model. It accurately reproduces the main contours and evolu-
tion path of the high-stress regions. Fig. 11(c) shows the ab-
solute error distribution map, which reveals the model’s error
sensitivity in high-gradient regions. In terms of the dynamic
evolution of the error, the model maintains the prediction error
below 2 MPa for most of the time period, with the largest er-
rors occurring in regions of intense stress change. In the early
stage of evolution (t = 1 h), the peak error exceeds 4 MPa, pri-
marily along stress transition zones near the side boundaries of
the wellbore, with some regions ((X,Y) ≈ (−0.11,−0.01) m)
highly overlapping with the stress maxima. As the evolution
progresses, the main error peak gradually moves away from the
dominant stress path. By the end of the evolution (t = 400 h),
the maximum error value reduces to ∼3.26 MPa, concentrated
in the region of the oblique axis of symmetry at the radial outer
edge, showing a clear spatial shifting trend.

Fig. 12(a) depicts the time-series evolution of the plastic
strain zone in the rock surrounding the wellbore. Plastic dam-
age accumulates primarily along both sides of the axis of sym-
metry in the region near the wellbore and intensifies with
extended exposure time. The HBPINN prediction results in
Fig. 12(b) accurately capture the primary distribution patterns
and growth trends of the wellbore’s plastic strain. The error
distribution map in Fig. 12(c) shows that the prediction er-

ror is concentrated in regions where the plastic strain gradi-
ent changes significantly. At the early stage (t = 1 h), the
peak error reaches ∼0.47% in some strain concentration zones
((X, Y) ≈ (−0.09, 0.04) m), coinciding with the dominant strain
path. From the mid-to-late stages (t ≥ 200 h), the location
of the maximum error gradually shifts towards the vicinity of
the oblique axis of symmetry of the wellbore. Notably, beyond
t = 200 h, the region of maximum plastic strain and maximum
error progressively separate. This indicates that the prediction
stability of the HBPINN model in the dominant strain zone con-
tinues to improve over time.

In summary, the HBPINN model demonstrates good spatial
recognition capabilities and numerical robustness in predict-
ing the Von Mises equivalent stress of the open-hole wellbore
wall, accurately capturing the evolutionary features of high-
stress zones. For plastic strain, the model demonstrates excel-
lent spatio-temporal resolution, precisely tracking the dynamic
evolution of the dominant plastic deformation path of the sur-
rounding rock. These results provide high-credibility data sup-
port for the subsequent overall stability assessment and local
instability risk identification in open-hole sections.

4.3.2. Model Extrapolation Performance Validation
To further validate the temporal generalization capability of

the HBPINN model in capturing the long-term evolutionary
behavior of the open-hole wellbore wall, three evolution time
points outside the training window (0–400 h) were selected:
t = 450 h, 500 h, and 550 h. The performance of the trained
model in predicting the wellbore state was evaluated for ex-
trapolation. A fully connected neural network (FCNN) with the
same architecture but without physical constraints was used as a
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Figure 9: Training and validation loss curves for the main physical residual terms of the HBPINN model.

Figure 10: Training and validation loss curves for the boundary condition, initial condition, and data fitting terms of the HBPINN model.

baseline, thereby highlighting the key role of physical informa-
tion in improving generalization capability. Fig. 13 compares
the error time-series evolution and the R² performance of the
two models in predicting the mechanical field of the wellbore
wall.

Fig. 13(a) and (c) collectively reveal the extrapolation per-
formance of the HBPINN model. As shown in Fig. 13(a), the
absolute error of the wellbore state exhibits a gradual increase
with extrapolation time. This is particularly evident at t = 500 h
and t = 550 h, where error accumulation becomes more pro-
nounced, indicating that long-time-series extrapolation will in-
evitably lead to a loss of accuracy. In contrast, Fig. 13(c) shows
that although the R² value of the HBPINN decreases, it con-
sistently remains in a high positive range. Moreover, the error
field distribution in the surrounding rock maintains its physical
structure. These results indicate that despite error accumula-
tion, the model’s predictions for the wellbore state remain sta-
ble and physically consistent, without exhibiting non-physical
oscillations or divergence.

In contrast, the performance of the FCNN model is com-
pletely different. As shown in Fig. 13(b), its predicted mechan-
ical field displays large-scale, unstructured error distributions.
This indicates that its predicted stress–strain field severely de-
viates from the true physical evolution path. The corresponding
R² value (Fig. 13(c)) rapidly drops to a negative value far below
zero. In regression evaluation, this typically indicates that the
model has failed, with predictive performance worse than using
the average value.

The comprehensive comparison proves that incorporating
physical constraints is key to enhancing the model’s ability
to predict the long-term evolutionary behavior of the open-
hole wellbore wall. Although the prediction accuracy of the
HBPINN decreases with extrapolation time, it maintains stable
and physically consistent predictions. In contrast, the FCNN,
lacking physical constraints, exhibits catastrophic performance
degradation when facing unknown evolution stages outside the
training domain. This demonstrates that the HBPINN possesses
superior generalization capability and reliability for long-term
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Figure 11: Spatial distribution of Von Mises stress prediction results and error field evolution for the HBPINN model.

stability prediction of open-hole wellbore sections.

4.3.3. Wellbore Instability Probability and Reliability Index
Evolution

Figs. 14 and 16 presents the reliability assessment and risk
analysis of the HBPINN model’s predictions for the wellbore
stability of an open-hole section at a depth of 528 m. These re-
sults quantify the temporal evolution and spatial distribution of
instability risk under full-cycle exposure conditions. The anal-
ysis focuses on the evolution trend of the global wellbore sta-
bility, the earliest failure times of local high-risk zones, and the
time-series variation of their reliability indices.

Fig. 14(a) shows the evolution of the average reliability index
predicted by the HBPINN model for the open-hole section at
this depth. Over the 400-h period, the average reliability gradu-
ally decreases from 0.9674 to 0.9637, showing a slight but con-
tinuous degradation trend. As time progresses, the gap between
the 5% and 95% quantiles gradually widens, and the disper-
sion of the reliability distribution increases significantly. At the
end of the evolution (t = 400 h), the overall system reliability
reaches its lowest value, indicating a cumulative degradation of
the open-hole section’s stability under continuous exposure. At
key stages (100–400 h), the average reliability decreases only
by 0.0028. However, the 5% quantile remains fixed at 0.6000,
indicating that local weak zones persistently experience high

instability risk. This result reflects that even though the aver-
age reliability at this depth remains high, local areas may have
already triggered instability mechanisms.

Fig. 14(b) presents the distribution of earliest failure times
predicted for different spatial points in the open-hole section
at this depth. The 95% confidence interval ranges from 12.53
to 334.72 h, defining the acceptable exposure time window for
this well section. The earliest effective instability prediction
occurs at the 12th hour of evolution, suggesting that in the cas-
ing setting strategy, long-term open-hole exposure before this
time point should be avoided. Furthermore, failure points are
primarily clustered in the southwest quadrant of the wellbore
(x < 0.5 m, y < 0.5 m), showing clear spatial concentration
characteristics.

Fig. 16(a) quantifies the distribution of instability probabil-
ity across the spatial domain of the open-hole section at this
depth. Using a threshold of 0.3, a total of 260 high-risk spatial
points are identified, accounting for ∼7.5% of the total points.
Among these high-risk points, the highest instability probabil-
ity reaches 1.0000, and the average is 0.9854, indicating strong
model consistency for such points. Notably, these high-risk
points show significant spatial clustering, highly consistent with
the earliest failure region identified in Fig. 14(b).

Fig. 16(b) tracks the evolution of the reliability index for
the top five high-risk points. All points display monotonic de-
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Figure 12: Spatial distribution of plastic strain prediction results and error field evolution for the HBPINN model.

creases, though with different onset times. The reliability of the
point [-0.2437, 0.0332] drops to 0.8800 by the 244th hour of
evolution, whereas the lowest reliability for the point [-0.2350,
0.0754] occurs near the end of the period at the 397th hour. This
indicates that different points exhibit significantly different time
sensitivities of their instability potential under long-term expo-
sure. Furthermore, the point [-0.2552, -0.0245], despite starting
with a high reliability of 0.9700, drops to 0.9280 at the 304th
hour, suggesting its potential evolution into a weak point un-
der long-term multiphysics effects. Overall, high-risk points
show an asynchronous evolution, underscoring the limitations
of assessing open-hole stability risk at a single moment in time
and emphasizing the necessity of conducting dynamic, spatio-
temporal joint reliability assessments.

4.3.4. Sensitivity and Interpretability Analysis
SHAP and local sensitivity analysis were employed to quan-

tify how parameter uncertainty contributes to instability risk
and affects the predicted failure probability. Key formation pa-
rameters considered include the initial elastic modulus, initial
cohesion, initial internal friction angle, and initial water con-
tent.

Fig. 15 presents the combined analysis results of the mean
absolute SHAP values and local sensitivity indices. It shows
that the initial water content has the greatest impact on the

model’s equivalent stress output, with a SHAP value of 1.4613,
whereas the initial elastic modulus shows a lower contribution
at 0.3124. This indicates that water content plays a crucial role
in the deformation and seepage processes of the rock mass. Un-
der long-term open-hole exposure, the changes in water content
from cumulative hydration swelling significantly alter the stress
state of the wellbore wall. Therefore, the initial water content
shows a strong global influence in the SHAP analysis, indicat-
ing its dominant role in the variations of permeability and me-
chanical properties of the geomaterial.

In contrast, the local sensitivity analysis shows that the initial
elastic modulus has the largest contribution to the fluctuation of
the instability probability, with a sensitivity index of 0.5248.
This reflects its role in governing the rock’s ability to deform
elastically under stress. During drilling, the rock’s ability to
resist deformation directly affects the stability of the wellbore
wall. Especially in deep formations, as pore pressure changes,
the amount of deformation and the failure mode of the rock
mass are significantly influenced by the initial elastic modu-
lus. Therefore, its contribution to the instability probability is
prominent in the local sensitivity analysis.

The difference between these two analyses reveals the differ-
ent focuses of SHAP and local sensitivity analyses in parame-
ter impact assessment. The SHAP analysis focuses on global
contributions, emphasizing the dominant role of initial water
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Figure 13: Comparison of error field evolution and R² for the HBPINN and FCNN models in time extrapolation.
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Figure 14: Evolution of average reliability and distribution of earliest failure time for the open-hole section at 528 m depth, predicted by the HBPINN model.
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Figure 15: Feature importance and local sensitivity indices of four key forma-
tion parameters in the HBPINN model.

content in driving stress concentration through hydration effects
during long-term exposure. Local sensitivity analysis, however,
captures condition-specific effects, identifying the initial elastic
modulus as the key determinant of instability probability, espe-

cially in high-risk areas where the influence of the initial elastic
modulus on wellbore instability far outweighs that of other pa-
rameters.

5. Case Study

To evaluate the predictive capability of the HBPINN model
for the wellbore stability evolution process under complex mul-
tiphysics disturbances, an 809–910 m open-hole section of a
well in the Caofeidian block was selected as a case study. This
section is in the third drilling phase, the well was drilled from
809 to 2926 m, while the preceding second section was com-
pleted at 808 m. Since it was not supported by casing, its sta-
bility was primarily influenced by pore pressure evolution, for-
mation temperature gradients, hydration diffusion effects, and
geomechanical parameters, all induced by drilling fluid inva-
sion. Therefore, an early-warning instability analysis was per-
formed based on the measured lithology and the formation’s
mechanical parameter profile.
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Figure 16: Spatial distribution of instability probability and reliability decay characteristics of typical high-risk points for the open-hole section at 528 m depth,
predicted by the HBPINN model.

5.1. Formation Strength Tests

Since wellbore stability depends strongly on the mechanical
properties of the rock, uniaxial and triaxial compression tests
were conducted on rock samples from the 809–910 m inter-
val. These tests yielded key mechanical parameters, including
uniaxial compressive strength, elastic modulus, Poisson’s ra-
tio, cohesion, and internal friction angle. A complete forma-
tion strength parameter profile was constructed from this data
to provide high-fidelity geomechanical inputs for the HBPINN
model. The test apparatus and rock samples are shown in
Fig. 17.

Sample preparation strictly followed the ASTM D7012-14
standards Perbawa et al. (2021). A diamond hollow drill bit
was used to sub-core the pristine core, obtaining standard cylin-
drical samples with a diameter of 25.4 ± 0.5 mm and a length-
to-diameter ratio of 2:1 (height 50.8 ± 0.5 mm). This ensures
the elimination of stress concentration effects caused by end
constraints. End faces were precision-machined with a double-
sided grinder, achieving parallelism within ±0.02 mm and a sur-
face roughness less than 3.2 µm. To reduce the risk of micro-
crack propagation, samples were prepared and machined in a
constant temperature environment (20 ± 1 ◦C). A low-viscosity
kerosene with a kinematic viscosity of less than 4.1 mm²/s was
used as the cooling medium. Through X-ray computed tomog-
raphy (CT) scanning, the finally selected samples were veri-
fied to have initial porosity fluctuations within 0.5% and an
anisotropy index below 1.1, meeting the requirements for ho-
mogeneous specimens Cnudde and Boone (2013).

Triaxial compression tests were performed using a high-
temperature, high-pressure system equipped with a multifunc-
tional confining pressure cell. The cell, made of integrally
forged maraging steel, is capable of long-term operation un-
der 200 MPa and 200 ◦C. The confining pressure system used
electro-hydraulic servo closed-loop control, achieving a pres-
sure regulation accuracy of 0.1 MPa with a plunger-type inten-
sifier; the system stiffness reached 8 × 109 N/m. Axial load-

ing was accomplished by a 1000 kN servo-actuator with a dis-
placement resolution better than 0.1 µm and a continuously ad-
justable strain rate (10−5–10−2 s−1). The temperature control
system integrated annular ceramic heating elements and a liq-
uid nitrogen cooling circuit, with a temperature uniformity bet-
ter than ±1 ◦C. The experimental procedure followed the rec-
ommended methods of the International Society for Rock Me-
chanics (ISRM) Ulusay (2015). A 50 µm Polytetrafluoroethy-
lene (PTFE) film was applied to the sample ends to reduce fric-
tional effects Wightman et al. (2025). Confining pressure was
applied in a stepwise manner at 0.5 MPa/s. The target confining
pressure was held for 30 min, with real-time monitoring of pore
pressure to ensure the sample was fully consolidated. Axial
loading was conducted in a strain-controlled mode at a rate of
10−5 s−1, with axial and radial strains recorded synchronously
at a high frequency (100 Hz) to capture post-peak softening and
the failure process. The test was terminated when the principal
stress difference dropped to 80% of the peak strength to avoid
catastrophic failure of the sample.

Data processing was based on continuum mechanics theory.
The elastic modulus was determined by a least-squares fit of the
linear segment of the stress–strain curve, and the Poisson’s ratio
was derived from the ratio of axial to radial strain. The strength
parameters were inverted using the Drucker–Prager criterion.
The ultimate Mohr circle envelope was constructed based on the
peak strengths from three tests under different confining pres-
sures. The cohesion and internal friction angle were then in-
verted using the Levenberg–Marquardt nonlinear least-squares
algorithm Gavin (2019). This ensured that the obtained me-
chanical parameters met the modeling requirements for the sub-
sequent coupled response of the open-hole section. Addition-
ally, data from adjacent wells in the block were incorporated
to supplement thermal-hydraulic-chemical related parameters,
such as permeability, thermal conductivity, specific heat, and
the hydration diffusion coefficient.
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Figure 17: Uniaxial/triaxial compression test apparatus with jacketed and unjacketed rock samples.

5.2. Prediction of Open-Hole Failure Time

Fig. 18 presents the lithology profile, key geomechanical pa-
rameters, and the earliest failure time evolution profile for the
809–910 m open-hole section of the well in the Caofeidian
block, as inferred from the HBPINN model.

This well section is dominated by mudstone and interbedded
mudstone–sandstone, with mudstone accounting for 63.7%, in-
dicating clear lithological zonation. The interbedded mud-
stone–fine sandstone sections have slightly better overall
strength and stiffness, with mean uniaxial compressive strength
and elastic modulus of 8.93 and 6021.68 MPa, respectively.
Their average earliest failure time reaches 135.58 h. In con-
trast, the mudstone sections are relatively weaker, with a mean
strength of 8.65 MPa and an elastic modulus of approximately
5705.78 MPa, corresponding to an average earliest failure time
of 131.60 h. The vertical trend analysis shows that the earliest
failure time exhibits multi-peak fluctuations with depth. Sig-
nificant troughs are concentrated within the mudstone layers,
which possess weaker mechanical properties and looser pore
structures, such as at depths of 833 and 852 m. Here, the short-
est tolerable open-hole exposure times drop to 100 and 101 h,
respectively. Such locations are more susceptible to trigger-
ing instability mechanisms driven by coupled hydration, ther-
mal, and pore pressure disturbances. In contrast, the forma-
tion strength in the 895–898 m depth interval is significantly
higher, with failure times exceeding 180 h. This trend indicates
the positive effect of local structural reinforcement on wellbore
stability.

Overall, even within the same lithological unit, the earliest
failure time displays nonlinear fluctuations with depth. This
highlights the profound vertical heterogeneity of formation pa-
rameters along the well depth, as well as the sensitive response
of coupled physical fields to subtle parameter changes. Collec-
tively, these factors play a significant regulatory role in well-
bore stability. This profile provides quantitative support for

determining the time window for running the production cas-
ing. Therefore, it improves both the timeliness and engineering
safety margin of the third phase well design.

6. Conclusion

This study addressed the stability evolution of open-hole
wellbores under the coupled effects of multiphysics fields dur-
ing long-term exposure. A high-fidelity numerical simulation
model was constructed and an HBPINN framework was devel-
oped. Through physics-constrained learning and Bayesian in-
ference, this work achieves a joint modeling approach for both
state variable prediction and formation parameter uncertainty
quantification. The main conclusions are as follows:

1. A coupled multiphysics model for rock state evolution
around an open-hole wellbore was constructed. Simula-
tion results show that under continuous drilling fluid inva-
sion, the diffusion characteristics of the pore pressure and
temperature fields are highly consistent with Biot–Darcy
and porous media heat transfer theories. In contrast, the
water-content diffusion process exhibits significant local
lag and spatial confinement.

2. An HBPINN architecture was proposed that accurately
predicts the multiphysics evolution. The network main-
tained Von Mises stress prediction errors below 2 MPa
for most of the 400-h period and demonstrated superior
spatio-temporal generalization, maintaining a high posi-
tive R2 score in extrapolation tests where traditional net-
works failed completely. This highlights its high physical
consistency and reliability even with sparse labeled data.

3. A two-stage Bayesian module successfully quantified in-
stability risk. For a representative case, the analysis re-
vealed a safe exposure time window between 12.53 h and
334.72 h. It also identified asynchronous failure in local
high-risk zones, with predicted earliest failure times as low
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Mudstone Sandstone

Figure 18: Lithology, key mechanical parameter profiles, and the earliest failure time profile for the 809–910 m open-hole section.

as 100 h in weaker mudstone layers, validating dynamic,
spatio-temporal coupled risk warning.

The proposed hybrid framework fuses multiphysics PINNs
with Bayesian inference, providing a tool for wellbore stability
assessment. The methodology also shows promise for general-
ization to other subsurface engineering problems, such as hy-
draulic fracturing and CO2 sequestration. However, this study
has limitations, including simplified physical assumptions like
neglecting the dynamic mud cake effect. Future work will fo-
cus on integrating more complex mechanisms like anisotropy
directly into the PINN loss function and extending the current
2D model to 3D to address more complex engineering scenar-
ios.
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Table 3: HBPINN Algorithm Flow.

1: Input:
2: X: Set of collocation points in the physical and temporal domain
3: Y: Limited supervisory label data (e.g., from COMSOL Multiphysics)
4: p(θ): Prior distribution for the set of physical parameters to be inferred, θ = {E0, c0, ϕ0,w0}

5: Θ(0)
NN : Initial parameters (weights and biases) for the neural network

6: Output:
7: ΘNN : Converged neural network parameters
8: p(θ | D): Posterior distribution of the physical parameters θ
9: P f (t, x, y),R(t, x, y), tsafe(x, y): Spatio-temporal failure probability field, reliability field, and safe time window

10: function HBPINN
11: Initialize: Initialize the neural network N(t, x, y;ΘNN) with parameters Θ(0)

NN
12: Construct Loss Function: Ltotal = ωpLp + ωwT LwT + ωyLy + ωdataLdata + ωBC LBC + ωIC LIC

13: Set Learning Rate Scheduler: Set up the three-stage cosine annealing with restarts policy ηt

14: for epoch = 1 to 105 do
15: Sample a batch of collocation points from X
16: Compute the physics residual losses Lp, LwT , Ly and the boundary/initial condition losses LBC , LIC

17: if Y is available then
18: compute the data fitting loss Ldata
19: end if
20: Compute the weighted sum to get Ltotal
21: Update network parameters using the AdamW optimizer: ΘNN ← ΘNN − ηt · ∇ΘNN Ltotal
22: Check the Early Stopping criterion; terminate training if met
23: end for
24: Freeze Network: Fix the converged neural network parameters ΘNN

25: Construct Likelihood Function: Build the approximate likelihood function L(θ) based on the physics yield function
residual F

26: Posterior Sampling: Use NUTS to sample from the posterior distribution p(θ | D) ∝ L(θ)·p(θ) to obtain the set of posterior
parameter samples θ(i)

27: Post-processing and Risk Quantification:
28: for each spatio-temporal point (t, x, y) to be evaluated do
29: for each posterior parameter sample θ(i) from 1 to Nsamples do
30: a. Compute σ(i)

y and ε(i)
y based on θ(i)

31: b. Predict σ(i)
eq and ε(i)

p from the neural network using θ(i) and the fixed ΘNN

32: c. Compute Pinst(θ(i)) = 0.4 · L(σ(i)
eq/σ

(i)
y ) + 0.6 · L(ε(i)

p /ε
(i)
y )

33: end for
34: Calculate Final Failure Probability P f (t, x, y)
35: end for
36: Calculate Higher-Order Metrics: Compute R(t, x, y) = 1 − P f (t, x, y) and tsafe(x, y) based on P f

37: return ΘNN , p(θ | D), P f (t, x, y),R(t, x, y), tsafe(x, y)
38: end function
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